A family of quantum systems parametrized by the points of a compact space can realize its classical symmetries via a new kind of nontrivial ray representation. We show that this phenomenon in fact occurs for the quantum mechanics of fermions in the presence of background gauge fields, and is responsible for both the nonabelian anomaly and Witten's SU (2) anomaly. This provides a hamiltonian interpretation of anomalies: in the affected theories Gauss' law cannot be implemented. The analysis clearly shows why there are no further obstructions corresponding to higher spheres in configuration space, in agreement with a recent result of Atiyah and Singer.
Introduction
We say we have an "anomaly" when a symmetry of a classical field theory is not reflected at all in those of the corresponding quantum theory, or more precisely when the full set of classical symmetries cannot be preserved in any of the many possible quantization schemes. When the symmetry in question is an ordinary one such as scale or chiral invariance, we have a straightforward interpretation for the effects of the anomaly in terms of states in Hilbert space: the symmetry in question is absent from the full theory. Coupling constants run; tunneling events do not conserve axial charge. These results are surprising, but not fatal to the theory.
The case of gauged symmetries is very different. Gauge symmetries are properly to be thought of as not being symmetries at all, but rather redundancies in our description of the system 1-1]. The true configuration space of a (3 + 1)dimensional gauge theory is the quotient cg3 = d3/f¢3 of gauge potentials in A o = 0 gauge modulo three-dimensional gauge transformations ~. When gauge degrees of freedom become anomalous, we find that they are not redundant after all.
Recently it has become clear that gauge theories with fermion display three different kinds of anomalies, all related to the global topology of the fourdimensional configuration space cg4 by the family index of the Dirac operator D 4. These are the axial U(1) anomaly [the "tOo(f# 3) anomaly"], Witten's SU(2) anomaly [2] [from nl(~a)], and the nonabelian gauge anomaly [3] [from nz(N3)]. The diversity of the manifestations of these anomalies seems to belie their common origin, however. In the first case we find particle production in the presence of instanton fields [4], breaking of a global symmetry, and no problem with gauge invariance. In the second we find no problem with chiral charge, but instead a nonperturbative failure of gauge symmetry, while in the latter the same thing occurs even perturbatively.
What is going on? In the following sections we will attempt to give a hamiltonian picture of the gauge anomalies as simple as the axial anomaly's particle-production interpretation. Essentially the answer will be that in anomalous theories we cannot formulate any Gauss taw to constrain the physical states. Along the way we will try to make the above differences a bit less mystifying than they seem in the lagrangian picture. They will all turn out merely to reflect a simple fact about codimension: removing a point from a manifold can sever it into disconnected pieces only if its dimension equals one.
The aim of this paper is expository. We will not find any previously unknown anomalies, but instead will give an approach to understanding them which we have found illuminating. Our point of departure was a remark in [2] which we have generalized to embrace the anomaly of [3] as well 2. In Sect. 2 we set up our framework and establish our criterion for a global anomaly to exist. In Sects. 3 and 4 we verify the criterion for the cases of [2, 3] respectively, making use of known results from the lagrangian approach. In Sect. 5 we conclude with remarks.
Setting Up
It may seem difficult to arrive at a physical interpretation of a problem which renders a gauge theory nonsensical. We know, however, that anomalies do not themselves originate in the gauge sector. We can therefore attempt to quantize a given theory in two steps, starting with the matter fields; at the intermediate point we will have a family of quantum systems parametrized by the space of classical background gauge field configurations d 3. Furthermore, the whole collection should realize the classical gauge symmetry via unitary opcrators. The situation is not quite like the usual case of symmetry in quantum mechanics [6] , however, since the transformations in question act both on Hilbert space ~ and on background configuration space ~. They are indeed bundle maps of a family of Hilbert spaces, J(~-~ d . A simple example of such a situation is an ordinary quantum mechanics problem with a Schr6dinger particle interacting with a classical rotor degree of freedom 9: for fixed position of the rotor the system has no rotational symmetry, but the full family of theories does have an invariance expressed as a set of isometries, U~: ~J g 0 +~"
